This paper proposes a model for portfolio optimisation, in which distributions are characterised and compared on the basis of three statistics: the expected value, the variance and the CVaR at a specified confidence level. The problem is multi-objective and transformed into a single objective problem in which variance is minimised while constraints are imposed on the expected value and CVaR. In the case of discrete random variables, the problem is a quadratic program. The mean-variance (meanCVaR) efficient solutions that are not dominated with respect to CVaR (variance) are particular efficient solutions of the proposed model. In addition, the model has efficient solutions that are discarded by both mean-variance and mean-CVaR models, although they may improve the return distribution. The model is tested on real data drawn from the FTSE 100 index. An analysis of the return distribution of the chosen portfolios is presented.
Introduction and motivation
Mean-risk models are still the most widely used approach in the practice of portfolio selection. With mean-risk models, return distributions are characterized and compared using two statistics: the expected value and the value of a risk measure. Thus, mean-risk models have a ready interpretation of results and in most cases are convenient from a computational point of view. Sceptics on the other hand may question these advantages since the practice of describing a distribution by just two parameters involves great loss of information.
It is evident that the risk measure used plays an important role in making the decisions. Variance was the first risk measure used in mean-risk models (Markowitz 1952) and, in spite of criticism and many proposals of new risk measures (see for example Fishburn (1977) , Yitzhaki (1982) , Konno and Yamazaki (1991) , Ruszczynski (1999, 2001) , Rockafellar and Uryasev 2000, 2002) , variance is still the most widely used measure of risk in the practice of portfolio selection. For regulatory and reporting purposes, risk measures concerned with the left tails of distributions (extremely unfavourable outcomes) are used. The most widely used risk measure for such purposes is Value-at-Risk (VaR). However, it is known that VaR has undesirable theoretical properties (it is not subadditive, as shown, for example, in Tasche (2002) and thus fails to reward diversification). In addition, optimisation of VaR leads to a non-convex NP-hard problem which is computationally intractable. In spite of a considerable amount of research, optimising VaR is still an open problem (see for example Larsen et al. 2002 , Leyffer et al. 2005 and references therein). For these reasons, another risk measure concerned with the left tail, the Conditional Value-at-Risk (CVaR), is gaining more popularity. CVaR has attractive theoretical properties: it controls the magnitude of losses beyond VaR and it is coherent (see for example Artzner et al. 1999 , Acerbi and Tasche 2002 , Tasche 2002 , Pflug 2000 , Rockafellar and Uryasev 2002 . In addition, CVaR is easy to optimise. Optimising CVaR is a convex programming problem. In the case when the random variables under consideration are discrete, with a finite number of outcomes, represented by various outcomes under different scenarios, optimising CVaR leads to a linear programming model of finite dimension (Rockafellar and Uryasev 2000, 2002) .
Variance and CVaR quantify risk from different perspectives. Variance measures the spread around the expected value of a random variable, while CVaR measures the expected loss corresponding to a number of worst cases, depending on the chosen confidence level. Thus, the mean-variance and the mean-CVaR models may lead to very different solutions. A portfolio obtained as a solution in the mean-variance model may be considered unacceptable by a regulator, since it may have an excessively large CVaR, leading to big losses under unfavourable scenarios. On the other hand, traditional fund managers may consider a portfolio obtained with the mean-CVaR model unacceptable since it may have an excessively large variance and thus an excessively small Sharpe index (see Luenberger 1998) In this paper, we seek to address the requirements of the traditional fund manager and the regime imposed by the regulator. We propose a model for portfolio selection that uses both variance and CVaR in order to make decisions. We call this model the mean-variance-CVaR model. Random variables are described and compared using three statistics: the expected value, variance and CVaR. Thus, the model may be considered as belonging to the family of mean-risk models.
We formally define the preference relation for random variables in this model. The efficient solutions with respect to this preference relation are such that, we cannot improve on one statistic (of the three: expected value, variance and CVaR) without worsening another. Mathematically, the problem is multi-objective (maximise expected return, minimise variance, minimise CVaR) and the efficient solutions of the mean-variance-CVaR model are the Pareto optimal solutions of the multi-objective problem.
We prove that the efficient solutions of this model may be found by solving a single objective optimisation problem in which variance is minimised while constraints are imposed on the expected return and the CVaR level. The practical importance of this approach is twofold. Firstly, a solution obtained in this way has an intuitive appeal. For example, if the CVaR of a mean-variance efficient portfolio is considered as unacceptably large, a constraint could be imposed on the CVaR level and a new portfolio obtained, which has a minimal variance under these conditions. Secondly, the problem is tractable from a computational point of view. In the case where the random variables under consideration are discrete and described by their realisations under various scenarios, the problem is one of quadratic programming.
Generally, the mean-variance and mean-CVaR efficient portfolios are particular efficient solutions of the proposed model 1 . However, most of the efficient portfolios in the mean-variance-CVaR model are dominated in both mean-variance and meanCVaR models, although they may represent improved distributions: a compromise between the classical fund managers' and the regulators' points of view.
The rest of this paper is structured as follows. In section two the portfolio selection problem is described. Section three is concerned with mean-risk models, in particular with the mean-variance and the mean-CVaR models. In section four we present the mean-variance-CVaR model. Firstly, the preference relation among random variables is defined. The efficient solutions of the proposed model are Pareto non-dominated solutions of a multi-objective problem. Secondly, an optimisation approach for solving the multi-objective problem is proposed. With this approach, the efficient solutions of the proposed model are found by solving a single optimisation problem, in which variance is minimised and constraints are imposed on the expected value and the CVaR level. Thirdly, we describe how all the efficient solutions of the model may be obtained. Finally, the algebraic form of the mean-variance-CVaR model for the case of scenario models is presented. Section five presents the computational results. A dataset, drawn from the FTSE 100 index is used to evaluate the performance of the proposed model. For several fixed levels of expected return, we consider the mean-variance and the mean-CVaR efficient portfolios together with other portfolios, efficient only in the mean-variance-CVaR model. We evaluate their performances using both in-sample and out-of-sample analysis. Section six presents the conclusions.
The portfolio selection problem
The problem of portfolio selection with one investment period is an example of the general problem of deciding between random variables when larger outcomes are preferred. Decisions are required on the amount (proportion) of capital to be invested in each of a number of available assets such that at the end of the investment period the return is as high as possible. Consider a set of n assets, with asset j in {1,…,n} giving a return R j at the end of the investment period. R j is a random variable, since the future price of the asset is not known. Let x j be the proportion of capital invested in asset j (x j =w j /w where w j is the capital invested in asset j and w is the total amount of capital to be invested), and let x=(x 1 ,…,x n ) represent the portfolio resulting from this choice. This portfolio's return is the random variable: R x =x 1 R 1 +…+x n R n , with distribution function ) ( ) ( r R P r F x ≤ = that depends on the choice x=(x 1 ,…,x n ).
To represent a portfolio, the weights (x 1 ,…,x n ) must satisfy a set of constraints that forms a feasible set A of decision vectors. The simplest way to define a feasible set is by the requirement that the weights must sum to 1 and short selling is not allowed. For this basic version of the problem, the set of feasible decision vectors is
Consider a different portfolio defined by the decision vector y=(y 1 ,…,y n )∈ A, where y j is the proportion of capital invested in asset j. The return of this portfolio is given by the random variable R y =y 1 R 1 +…+y n R n .
The problem of choosing between portfolio x=(x 1 ,…,x n ) and portfolio y=(y 1 ,…,y n ) becomes the problem of choosing between random variables R x and R y . The criteria by which one random variable is considered "better" than another random variable need to be specified and models for choosing between random variables (models for preference) are required. The purpose of such models is firstly, to define a preference relation among random variables and secondly, to identify random variables that are non-dominated with respect to that preference relation.
The next issue is to consider a practical representation for the random variables that describe asset and portfolio returns. We treat these random variables as discrete and described by realisations under T states of the world, generated using scenario generation or finite sampling of historical data. For any i∈{1,…,T}, let state ω i occur with probability p i , . Thus, the random returns are defined on a discrete probability space {Ω,F,P} with Ω={ω
F a σ-field and P(ω i )= p i . Let r ij be the return of asset j under scenario i, i∈{1,…,T}, j∈{1,…,n}. Thus, the random variable R j representing the return of asset j is finitely distributed over {r 1j ,…,r Tj } with probabilities p 1 ,…p T . The random variable R x representing the return of portfolio x=(x 1 ,…,x n ) is finitely distributed over {R x1 ,…, R xT }, where R xi =x 1 r i1 +…+x n r in , ∀i∈{1,…T}.
Mean-Risk Models

The general case
Mean-risk models were developed in early fifties for the portfolio selection problem. In his seminal work "Portfolio selection", Markowitz (1952) proposed variance as a risk measure. Since then, many alternative risk measures have been proposed. The question of which risk measure is most appropriate is still the subject of much debate.
In mean-risk models, two scalars are attached to each random variable: the expected value (mean) and the value of a risk measure. Preference is then defined using a trade-off between the mean where a larger value is desirable and risk where a smaller value is desirable: In the mean-risk approach with the risk measure denoted by ρ, random variable R x dominates (is preferred to) random variable R y if and only if: E(R x )≥E(R y ) and ρ(R x )≤ρ(R y ) with at least one strict inequality. Alternatively, we can say that portfolio x dominates portfolio y.
In this approach, the choice x (or the random variable R x ) is efficient (nondominated) if and only if there is no other choice y such that R y has higher expected value and less risk than R x . This means that, for a given level of minimum expected return, R x has the lowest possible risk, and, for a given level of risk, it has the highest possible expected return. Plotting the efficient portfolios in a mean-risk space gives the efficient frontier.
Thus, the efficient solutions in a mean-risk model are Pareto efficient solutions of a multi-objective problem, in which the expected return is maximised and the risk is minimised:
Max {(E(R x ), -ρ(R x )): x∈A} Generally, for a multi-objective problem: In order to find an efficient portfolio, we solve an optimisation problem with decision variables x 1 ,…x n :
Minimise ρ(R x ) Subject to: E(R x )≥d and (x 1 ,…x n }∈A, where d represents the desired level of expected return for the portfolio.
Varying d and repeatedly solving the corresponding optimisation problem identifies the minimum risk portfolio for each value of d. These are the efficient portfolios that compose the efficient set. By plotting the corresponding values of the objective function and of the expected return respectively in a return-risk space, we trace out the efficient frontier.
An alternative formulation, which explicitly trades risk against return in the objective function, is Maximize E(R X )-τρ(R X ) (τ≥0) Subject to: (x 1 ,…x n }∈A.
Varying the trade-off coefficient τ and repeatedly solving the corresponding optimisation problems traces out the efficient frontier.
The mean-variance model
The variance of a random variable R x is defined as its second central moment:
σ . An important property is that the variance of the portfolio return R x =x 1 R 1 +…+x n R n , resulting from choice (x 1 ,…,x n ), can be expressed as: σ kj = the covariance between returns of asset k and asset j, with k, j∈{1,…,n}; d=the desired expected value of the portfolio return.
The mean-CVaR model
Let R x be a random variable representing the return of a portfolio x over a given holding period and A%=α∈(0,1) a percentage which represents a sample of "worst cases" for the outcomes of R x (usually, α=0.01 or α=0.05).
The definition of CVaR at the specified level α is the mathematical transcription of the concept "average of losses in the worst A% of cases" 2 (Acerbi and Tasche 2002) , where a "loss" is a negative outcome of R x (thus the loss associated with R x is described by the random variable -R x ).
Formally, the Conditional Value-at-Risk at level α of R x is defined as minus the mean of the α-tail distribution of R x , where the α-tail distribution is obtained by taking the lower α part of the distribution of R x (corresponding to extreme unfavourable outcomes) and rescaling its distribution function to span [0,1]:
where q α is an α-quantile of R x , meaning that P(R x <r)≤α≤P(R x ≤r) (see Laurent 2003 for more details on α-quantiles), and 1 {Relation} =1, if Relation is true 0, if Relation is false. (see Rockafellar and Uryasev 2000, 2002 for more details).
An important result, proved by Rockafellar and Uryasev (2000, 2002) , and independently by Ogryczak and Ruszczynski (2002) , is that the CVaR of a random variable R x can be calculated by solving a convex optimisation problem. Moreover, CVaR can be minimised over the set of feasible decision vectors. These results are summarised below: Proposition 3.1 (CVaR calculation and optimisation): Let R x be a random variable depending on a decision vector x that belongs to a feasible set A, and α∈(0,1). Consider the function:
, where [u] + =u for u≥0 [u] + =0 for u<0. Then:
(a) As a function of v, is finite and continuous (hence convex) and .
In addition, the set consisting of the values of v for which the minimum is attained, denoted by A α (x), is a non-empty, closed and bounded interval (possibly formed by just one point).
(b) Minimising CVaR α with respect to x∈A is equivalent to minimising with respect to (x,v)∈ AxR:
In addition, a pair (x*,v*) minimises the right hand side if and only if x* minimises the left hand side and v*∈ A α (x*).
(c)
is convex with respect to x and is convex with respect to (x,v).
Thus, if the set A of feasible decision vectors is convex (which is the case for the basic version of the portfolio selection problem), and even if we impose a further lower limit on the expected return, minimising CVaR is a convex optimisation problem.
In the case when R x is a discrete random variable (as described in Section 2), calculating and optimising CVaR are linear programming problems. Suppose that R x has T possible outcomes R x1 , …,R xT with probabilities p 1 ,…, p T . Then: 
The theoretical background
In this section, a model for portfolio selection is proposed, in which random variables are described by three statistics: the expected value, the variance and the CVaR at a specified confidence level α∈(0,1). We claim that taking three parameters into consideration, instead of two, gives a better modelling power. The proposed model may bring an improvement in the solution, in the case where a mean-variance efficient portfolio has an excessively large CVaR, or a mean-CVaR efficient portfolio has an excessively large variance.
The idea of restricting the risk of a distribution from two different perspectives has been used before in various contexts. Konno et al. (1993) proposed a "mean-absolute deviation skewness portfolio optimisation model", in which the lower semi-third moment of the portfolio return is maximised subject to constraints on the mean and on the absolute deviation of the portfolio return. A "mean-variance-skewness portfolio optimisation model" was proposed by Konno et al. (1995) : they maximised the third moment of the portfolio return subject to constraints on the mean and on the variance of the portfolio return. Optimisation approaches are provided, in which the corresponding cubic and quadratic functions are approximated by linear functions.
Wang (2000) proposed a model in which the portfolio return has constraints on both variance and Value-at-Risk (VaR), and a maximum expected return under these conditions. However, no practical optimisation approach is provided. Harvey et al. (2003) proposed a model in which random variables are chosen with respect to their expected value, variance and skewness. Thus, it may be considered that they use two risk measures in order to control the selection of a solution: the variance and the negative of skewness. Their model has a distributional assumption for portfolio returns and uses an expected utility maximisation approach, with the utility function depending on the expected value, variance and skewness. Jorion (2003) proposed that a portfolio return distribution should have constraints on both variance and "tracking error volatility", which is "the volatility of the deviation of the active portfolio from the benchmark", with a maximum expected return under these conditions. Thus, this approach may also fall into the category of index-tracking models.
There have been various formulations of portfolio selection problems as multiple criteria models (see for example Ogryczak 2000 Ogryczak , 2002 . However, to the best of our knowledge, the use of CVaR together with variance within a multi-attribute model is novel. A categorised bibliography on the applications of multiple criteria decisionmaking techniques in finance is provided in Steuer and Na (2003) .
The model proposed in this paper does not assume a particular distribution for the returns and, in addition, is convenient from a computational point of view. We define a preference relation for random variables and provide an optimisation approach for finding the efficient solutions with respect to this preference relation.
Consider again the portfolio selection problem described in Section 2, with the random variable R x and R y describing the returns of portfolios x and y respectively, with x,y∈A. We consider a model for choice under risk that we refer to as the mean-varianceCVaR model, in which the preference relation among random variables is defined as follows:
In the mean-variance-CVaR model, a random variable R x is preferred to a random variable R y (or, similarly, the portfolio x is preferred to portfolio y) if and only if E(R x )≥E(R y ), and CVaR ) ( ) (
, with at least one strict inequality.
Thus, the non-dominated (efficient) solutions in the mean-variance-CVaR model are the Pareto efficient solutions of a multi-objective problem in which the expected value is maximised while the variance and the CVaR are minimised:
When plotting the efficient solutions in a mean-variance-CVaR space, a surface is obtained; we refer to this surface as "the efficient frontier" of the meanvariance-CVaR model.
An optimisation approach
The next issue to address is how to obtain the efficient solutions of the meanvariance-CVaR model.
Firstly, the multi-objective problem (MVC) is transformed into a single objective problem in which one objective function is optimised while lower limits are imposed on the remaining objective functions and transformed into constraints. This method, known in multi-objective optimisation as the "ε-constraint method" (Haimes et al. 1971 , see also Steuer 1986 ) generally requires some regularization in order to guarantee that an optimal solution of the single-objective problem obtained is a Pareto optimal solution of the original multi-objective problem.
We choose to minimise variance for two reasons. Firstly, it is more intuitively appealing to impose limits on the expected value and CVaR, rather than on variance. Secondly, we show that minimising variance is more convenient from a computational point of view. In either case, a convex optimisation problem would be obtained 3 , irrespective of which statistic we choose for the objective function, but, when optimising variance, a quadratic programming problem is obtained, as shown below.
In what follows, for a random variable R x that depends on the decision vector x, the variance of R x is denoted alternatively by or . Similarly, the
x is denoted by CVaR α (x) or CVaR α (R x ), and the expected value of R x by E(x) or E(R x ).
We consider the following optimisation problem:
E(x)≥d x∈A. where z and d are real numbers.
It is easy to prove that: if x* is a Pareto optimal solution of (MVC) then x* is also an optimal solution of (P1) with z=CVaR α (x*) and d=E(x*). Indeed, assume that x* is not an optimal solution of (P1). Obviously x* is a feasible solution of (P1). Denote by x' an optimal solution of (P1). It follows that σ 2 (x')<σ 2 (x*), CVaR α (x')≤CVaR α (x*) and E(x')≥E(x*), which means that x' Pareto dominates x* and we have a contradiction.
The converse is also true, with the additional assumption of uniqueness of the optimal solution:
If x* is the unique optimal solution of (P1), then x* is also a Pareto optimal solution of (MVC).
Indeed, assume that x* is Pareto dominated in (MVC) and denote by x' a point that Pareto dominates x*. This means that σ 2 (x')≤σ 2 (x*), CVaR α (x')≤CVaR α (x*)≤z and E(x')≥E(x*)≥d with at least one strict inequality. Thus x' is another feasible solution of (P1) such that σ 2 (x')≤σ 2 (x*), which is a contradiction.
Remark 4.1: If the covariance matrix of returns is positive definite, then variance is a strictly convex function of x. In this case, minimising variance over a convex set has at most one optimal solution; thus, the possibility of multiple optimal solutions for (P1) is eliminated. This is usually the case; if there are no redundant assets (ones that can be replicated by the remaining of the assets) or risk-free assets in the collection of assets considered, then the covariance matrix is positive definite.
We summarise these results below: Proposition 4.1: If the covariance matrix is positive definite, a point x* is a Pareto efficient solution of (MVC) if and only if x* is an optimal solution of (P1) with z=CVaR α (x*) and d=E(x*). Thus, in the case of a positive definite covariance matrix of returns, the Pareto efficient solutions of (MVC) can be fully characterised as optimal solutions in (P1) with active constraints on mean and on CVaR. In fact, the above statement is true for the general case of a (positive semidefinite) covariance matrix -see Proposition A1 in Appendix A. Also, in Appendix A we present a method for obtaining all the Pareto efficient solutions of (MVC) for the general case when the covariance matrix of returns is positive semi-definite.
The next issue that arises is how to represent the CVaR constraint in (P1). As presented in Proposition 3.1, the function
, ( α α may be used both for calculating the CVaR of a given random variable and for optimising CVaR with respect to all feasible decisions vectors.
Furthermore, Krokhmal et al. (2002) proved that the same function may be used for imposing an upper limit on the CVaR of a random variable, while maximising its expected value.
Their result may be extended to a much more general case. In fact, the constraint "CVaR α (x)≤z" can be replaced with the constraint " " in all optimisation problems, irrespective of the form of the objective function or the feasible set.
Consider two optimisation problems (P) and (P') with A ⊂R n a feasible set of decision vectors and the objective function f: R n →R of any form:
In (P), the variables are x 1 ,…,x n while in (P'), the variables are x 1 ,…,x n and v.
Then: (P) and (P') achieve the same optimal value. Moreover, a point x*∈P is an optimal solution for (P) iff there exists v*∈R such that (x*,v*) is an optimal solution for (P'). If, in addition, the constraint
).
Proof: As stated in Proposition 3.1,
. Thus, the problem (P) may be written as:
x∈A Suppose now that x* is an optimal solution for (P). Obviously (x*,v*) is a feasible solution for (P'), where v* is such that )
. Assume that there exists (x',v') another feasible solution for (P') such that f(x')<f(x*). Since it follows that
; thus, x' is a feasible solution of (P1) which improves the objective function as compared to x*, which is a contradiction. Similarly, in a straightforward way, the converse may be proven; the last part of the proposition is obvious.
Thus, we consider another optimisation problem, with variables x=(x 1 ,..,x n )∈A⊂R n and v∈R:
where A is the (convex) set of feasible decision vectors, as given, for example, by (1).
The result below follows from Propositions 4.1 and 4.2: Proposition 4.3: If the covariance matrix of returns is positive definite, the Pareto efficient solutions of (MVC) are fully characterised as optimal solutions of (P2) with active constraints on mean and on CVaR 4 .
In other words, x* is a Pareto efficient solution of (MVC) if and only if there exists v*∈R such that (x*,v*) is an optimal solution to (P2) with *) *, ( v x F z α = and d=E(x*).
Therefore, varying d and z in the problem (P2) such that the constraints on CVaR and on the expected value are active produces all the efficient solutions of the mean-variance-CVaR model. As shown in Section 4.4, this means varying d and z between some finite limits that can be easily determined.
Alternative optimisation approaches
The optimisation approach described in the previous subsection is not unique. A commonly used method of obtaining a Pareto efficient solution of a multi-objective optimisation problem is to use a scalarizing function, meaning a real-valued function that is a composite of all objective functions. When optimised, the scalarizing function produces a Pareto efficient solution of the multi-objective optimisation problem. Thus, the problem is reduced to a single objective optimisation problem. We give below two examples of scalarizing functions, leading to two alternative optimisation approaches for the mean-variance-CVaR model.
The most common scalarizing function is a weighted sum of the objective functions in the original multi-objective optimisation problem. The general requirement on weights is that they should be strictly positive but usually they are normalised such they sum to 1. In our case, the single objective optimisation problem that results is: It is clear that every optimal solution of (P3) is a Pareto efficient solution of (MVC).
The converse is not always true, in the sense that there may be Pareto optimal solutions of (MVC) that cannot be obtained as optimal solutions of a problem (P3) with strictly positive w 1 , w 2 and w 3 (for example, the Pareto optimal solution of (MVC) that globally minimises variance). However, due to the convexity of all objective functions on (MVC), every Pareto optimal solution of (MVC) can be obtained as an optimal solution of (P3) with nonnegative weights (see Jahn 1985) . For example, the Pareto optimal solution of (MVC) that globally minimises variance is obtained as an optimal solution of (P3) with w 1 = w 3 =0, w 2 =1.
This approach has several disadvantages (see Das and Dennis 1997) , one of them being the fact that the weights w 1 , w 2 , w 3 are rather difficult to interpret. It is more meaningful to set desired levels of expected return and of CVaR and solve (P2).
Another example of a scalarizing function is obtained by considering target values (called reference points or aspiration points) for the values of the objective functions. This technique for multi-objective optimisation, named The Reference Point Method is fully described in Wierzbicki 1998. Consider the general multiobjective problem (MO'): Max(f 1 (x),f 2 (x),…,f T (x)) Subject to: x∈X, And let w* 1 , w* 2 ,…, w* T be the user-defined aspiration points for the objective functions. The simplest form of scalarizing function is:
where ε>0 is an arbitrary small parameter.
The terms in (4) are usually replaced by more complicated functions of x and w*
, which must satisfy certain properties (see for example Wierzbicki 1998, Makowski and Wierzbicki 2003) . These functions are called partial achievement functions since they measure the actual achievement of the k-th objective function with respect to its corresponding aspiration level w* k . Various functions γ k (x,w* k ) provide a wide modelling environment for measuring individual achievements. Other examples of such functions may be found in Wierzbicki 1998, Makowski and Wierzbicki 2003. Provided that all the reference points lie between the lower and the upper bound of the corresponding objective function, the maximisation of (4) provides a Pareto efficient solution of (MO'). The converse is true, in the sense that for every Pareto efficient solution of (MO'), there exist aspiration levels such that this efficient solution maximises the corresponding achievement function (see Wierzbicki 1998) .
In our case, the scalarizing achievement function to maximise is:
The Reference Point Method is primarily designed for obtaining a specific solution of a multi-objective problem rather than the whole set of efficient solutions. Although all the efficient solutions may obtained with this method by choosing appropriate reference points, care must be taken in choosing the reference points between the lower and upper bound of each objective function. The lower bounds for the objective functions are difficult to find and often approximations are used.
In contrast, the optimisation method described in Section 4.2 produces the entire set of efficient solutions of the mean-variance-CVaR model with no difficulty, as described in the next section.
The efficient frontier of the mean-variance-CVaR model
We consider the case when the covariance matrix of returns is positive definite; the general case of a positive semi-definite covariance matrix is treated in Appendix A.
As presented in Section 4.2, varying the right hand sides d and z in (P2) such that the corresponding constraints on mean and CVaR are active produces all the efficient solutions of (MVC).
Thus To be more precise, d minCVaR may be found as above only when the minimisation of F α (x,v) with respect to (x,v) over AxR provides a unique optimal solution. In the case of non-unique optimal solutions, we can obtain portfolios having the same minimal CVaR but different expected returns; among these, we are interested in the portfolio with the maximum expected return. To obtain this portfolio, we denote by CVaR min the optimal value of the above problem and solve another optimisation problem: max E(x) Subject to: F α (x,v)≤CVaR min x∈A, v∈R.
We define d max as the maximum possible expected return 6 : the optimal value of the objective function in the problem:
Subject to: x∈A. The fact that the imposed limit z on CVaR α is greater than or equal to z d*,min ensures that the problem (P2) is not infeasible, while z being less than or equal to z d*,max ensures that the constraint on CVaR in (P2) is active. When solving problem (P2) for a level of expected return equal to d* and a CVaR level equal to z d*,min , we obtain a mean-CVaR efficient portfolio; more precisely, the mean-CVaR efficient portfolio with the lowest variance for expected return d*.
When solving problem (P2) for a level of expected return equal to d* and a CVaR level equal to z d*,max , we obtain the mean-variance efficient portfolio with expected return d*.
For a fixed level of expected return, the efficient solutions in the meanvariance-CVaR model form a curve when plotted in a variance-CVaR space, where the lower end of this curve is represented by the mean-CVaR efficient solution (with the lowest variance) and the upper end is represented by the mean-variance efficient solution. The other points of this curve are not efficient in either the mean-variance or the mean-CVaR model. For the maximum level of expected return d max , this curve degenerates into just one point, with the coordinates equal to the variance and CVaR of the (only) efficient portfolio obtained for d max , consisting of the asset with the highest expected return.
The formulation of the mean-variance-CVaR model for scenario models
For the portfolio selection problem, as presented in Section 2, consider T scenarios and n assets with r ij = the return of asset j under scenario i, for i=1…T and j=1…n; p i = the probability of scenario i occurring, for i=1…T; μ j = the expected return of asset j, j=1…n; σ jk = the covariance between the returns of assets j and k, for j,k=1…n.
As presented in Section 3.3, the function can be written as: 
∀j∈{1,…,n}
The minimisation is over v, x 1 ,…,x n , y 1 ,…,y T .
Computational results
The data set and methodology
The purpose of this section is to investigate the practical performance of the mean-variance-CVaR model as compared to that of the mean-variance or mean-CVaR model. Precisely, for several levels of expected return, we select portfolios that are efficient in the mean-variance-CVaR model, but dominated in the mean-variance or mean-CVaR model, and we also consider the corresponding mean-variance efficient portfolio and the mean-CVaR efficient portfolio. We compare their in-sample and out-of-sample performances.
We use CVaR at 0.01 confidence level. A dataset, drawn from the FTSE 100 index, was used for this analysis. The returns of the 76 stocks that belonged to the index throughout the period January 1993-December 2003 were considered (for each of the remaining 24 stocks data there is at least one missing data item in the specified period). The dataset consists of monthly returns and has 132 time periods, considered as equally probable scenarios (n=76, T=132). For the out-of sample analysis, the behaviour of the portfolios obtained was examined over the eighteen months following the date of selection (January 2004 -June 2005 . The models were written in the MPL modelling language (Maximal Software Inc. 2000) and processed using CPLEX 9.0 optimisation solver (ILOG 2003) . The matrix of covariances of the returns is computed from historical data.
In-sample analysis
We consider six levels of expected return, which divide the interval [d ...5, we determine z di,min : the minimum level of CVaR (corresponding to the mean-CVaR efficient portfolio) and z di,max : the maximum level of CVaR (the lowest CVaR of a mean-variance efficient portfolio with expected return d i ) and, between them, another 3 equally spaced levels of CVaR. Thus, the interval [z di,min , z di,max ] for CVaR is divided into 4 equal parts. For a specific level of expected return, when solving the mean-variance-CVaR model with these CVaR levels, we obtain 5 portfolios, denoted by: P CVaR , P 1/4CVaR , P 1/2CVaR , P 3/4CVaR and P var respectively. Thus, P CVaR is the mean-CVaR efficient portfolio (with the lowest variance, for the specified expected return) and P var is the (unique) mean-variance efficient portfolio for the specified expected return (see fig. 5 .1) 7 . We first investigate the composition of the considered portfolios. For all levels of expected return, the mean-variance efficient portfolios have considerably more assets in their composition than the mean-CVaR efficient portfolios. This was expected, since the "diversification effect" is the basis of the mean-variance theory. The other three portfolios P 1/4CVaR , P 1/2CVaR , P 3/4CVaR have usually a number of assets in composition significantly higher than mean-CVaR efficient portfolios, but usually smaller than mean-variance efficient portfolios. There are cases in which these portfolios are as well as or even more diversified than the mean-variance efficient portfolios (see Table 5 .1 below); we notice that this happens when the expected return of the portfolio is high, thus, at high levels of risk. However, in most cases, the number of assets in the composition increases while the level of variance decreases (and the level of CVaR increases). Generally, the assets there are in the composition of mean-CVaR efficient portfolios are also in the composition of portfolios with a higher CVaR level. However, there are assets in the composition of the mean-CVaR portfolios but not in the composition of portfolios with a higher CVaR level. This aspect happens for small portfolio expected returns, thus, at low levels of risk. It may be noticed that, while the expected portfolio return (and thus the risk) increases, those assets are no longer in the composition of any efficient portfolio. The portfolio weights of the efficient portfolios considered are presented in Appendix B. We next investigate the in-sample performances of P 1/4CVaR , P 1/2CVaR , P 3/4CVaR , as compared with those of P CVaR and P var. We analyse their return distributions using common in sample parameters. Obviously, the CVaR levels of P 1/4CVaR , P 1/2CVaR , P 3/4CVaR are better than the CVaR of P var . On the other hand, their variance is generally significantly smaller than that of P CVaR . All the other in-sample parameters are between those of P CVaR and P var . In most cases, P CVaR has the return distribution with the best skewness, kurtosis and minimum of returns but also with the worst variance. In contrast, P var has the return distribution with the best variance but usually the worst skewness, kurtosis and minimum of returns. This is in line with the modelling paradigm since minimisation of CVaR leads to reduction in the (weighted) tail of the resulting portfolio return distribution. The other portfolios P 1/4CVaR , P 1/2CVaR , P 3/4CVaR represent a compromise in between these two "extremes". Their return distribution improves in the left tail, as compared with P var and also has a significantly smaller spread around the mean, as compared with P CVaR. In particular, P 1/4CVaR has return distributions with the variance significantly smaller than that of P CVaR at the expense of a relatively small increase in CVaR. This aspect can be seen from Tables 5-10 (with the best values in italic bold and the worst values enclosed by rectangles) in Appendix C and is also illustrated in Fig. 5.1 . In Fig. 5 .2 below the histogram of the return distribution of P CVaR for expected return d 1 =0.00927 is presented. This distribution is positively skewed, with a short left tail, a long right tail and a large probability of outcomes below the expected value. Therefore, the probability of large losses is very small, but there is a large probability of small losses. In addition, this distribution is particularly "flat", that is, not concentrated around the expected value. In Fig. 5 .3 below the histogram of the return distribution of P var for the same expected return d 1 =0.00927 is presented. This distribution is negatively skewed, with a long left tail, a short right tail and also a large probability of outcomes above the expected value; thus, there is a large probability of small gains. This distribution is concentrated around the expected value. In Fig. 5 .4 below the histogram of the return distribution of P 1/4CVaR for the same expected return d 1 =0.00927 is presented. This distribution has approximately the same shape as the return distribution of P var : concentrated around the expected value and with a large probability of outcomes just above the expected value. However, its left tail is shorter, due to the constraint imposed on the CVaR level, and thus the probability of large losses is reduced. 
P
Out-of-sample analysis
We analyse the performance of the portfolios described in the previous section over the next 18 time periods following the date of selection (January 2004 -June 2005 .
The portfolios that are non-efficient in either the mean-variance or the meanCVaR model, denoted by P 1/4CVaR, P 1/2CVaR and P 3/4CVaR, have an out-of-sample performance comparable to that of the mean-variance and the mean-CVaR efficient portfolios. It may be noted the generally good out-of-sample performance of the mean-CVaR portfolios and the somewhat poorer performance of the mean-variance portfolios, although the differences were not significant.
In general, the best out-of-sample parameters correspond to mean-CVaR portfolios, but for some levels of expected return, P 1/4CVaR had equally good or even better out-of-sample parameters (see Tables 5.2 and 5 .3 below, with the best values in italic bold and the worse values enclosed by rectangles). Figure 5 .6 presents the compounded out-of-sample returns of the mean-varianceCVaR efficient portfolios with in-sample mean return d 3 = 0.01880. P 1/4CVaR had a better out-of-sample performance than both P CVaR and P var , although the differences are small. 
Summary and Conclusions
In this paper, we presented a model for portfolio selection, which selects a solution (distribution) on the basis of three parameters: the expected value, the variance and the CVaR at a specified confidence level. We called this model the mean-variance-CVaR model. The problem of selecting an efficient solution of this model is multi-objective: the expected value is maximised, while the variance and CVaR are minimised. We chose variance and CVaR mainly because they are well established risk measures that quantify risk from different perspectives: variance measures the deviation around the expected value while CVaR measures the average loss over a specified number of worst cases.
Computationally, the problem reduces to solving a single objective problem in which variance is minimised, while constraints are imposed on the expected value and CVaR. In the practice of portfolio selection, the random variables under consideration are usually represented as discrete and described by realisations under various scenarios. In this case, the problem is one of quadratic programming, thus routinely solved by standard available software. Having a constraint on CVaR rather than on the variance has advantages not only from a computational point of view. It is more natural to impose a maximum CVaR level than a maximum variance level, since CVaR represents the mean of the worst outcomes of a distribution.
Varying the right hand side of the constraints on the expected value and on CVaR such that these constraints are active produces all the efficient solutions of the mean-variance-CVaR model. When solving the model for a fixed level of expected return, there is a range of efficient solutions. Plotted in a variance-CVaR space, they form a curve, with one end represented by the minimum variance portfolio (with the lowest CVaR), the other represented by the minimum CVaR portfolio (with the lowest variance).
The model was tested on a dataset drawn from the FTSE 100 index. Several levels of expected return were considered, and, for each level of expected return, five portfolios that were efficient in the mean-variance-CVaR model, were analysed: the minimum variance portfolio, the minimum CVaR portfolio and other three portfolios that were dominated in both mean-variance and mean-CVaR models. As expected, the best in-sample parameters concerning the left tail of distributions corresponded to mean-CVaR efficient portfolios: highest skewness, lowest kurtosis and highest maximum. However, the return distributions of mean-CVaR efficient portfolios have also the highest variances. In contrast, the mean-variance efficient portfolios have the return distributions with the lowest variance, but also with the "worst" left tail (as described by skewness, kurtosis, minimum and CVaR). The other portfolios, efficient only in the mean-variance-CVaR model, improve on the left tail of the mean-variance efficient distributions: they have higher skewness, lower kurtosis higher maximum and higher CVaR. In some cases, this improvement comes at the expense of only a marginal increase in variance. The out-of-sample performances of these portfolios are comparable to those of the mean-variance and mean-CVaR efficient portfolios. In two out of five cases, such a portfolio achieved the highest mean of out-of-sample returns and in almost all cases led to the highest maximum of out-of-sample returns.
As a final remark, it may be noted that the proposed model does not dismiss mean-variance or mean-CVaR models, but on the contrary, it "embeds" them. Most of the mean-variance and the mean-CVaR efficient solutions are particular solutions of the proposed model. For example, a mean-variance efficient solution is not a solution of the proposed model only if there is another mean-variance efficient solution with the same mean and variance but with lower CVaR. Likewise, from the set of meanCVaR efficient solutions with a specified mean return, only the one(s) with the lowest variance is solution of the proposed model. Thus, the proposed model makes a "positive" discrimination between mean-variance and mean-CVaR efficient solutions. In addition, the mean-variance-CVaR model has a range of solutions that are normally discarded by both mean-variance and mean-CVaR model. These solutions may bring an improvement in the distribution, in the case when the CVaR of a mean-variance efficient portfolio is considered to be unacceptably large. They represent a compromise between regulators' requirements for short tails and classical fund managers' requirements for small variance. In making the final choice, the personal preference of the decision-maker plays a key role.
(MVC) 8 . However, we can still use (P2) to produce the entire set of Pareto nondominated solutions of (MVC), provided the right hand sides d and z for the mean and CVaR constraints are chosen as described below.
The level d for the expected value must lie in the interval [d' min ,d max ] where d max is the maximum possible expected return (as presented in Section 4.4). We define d' min =max{d' minvar , d minCVaR }, where d' minvar and d minCVaR are the expected returns of the minimum variance portfolio (mean-variance efficient) and minimum CVaR portfolio (mean-CVaR efficient) respectively. d minCVaR may be found as described in Section 4.4. The expected return of the minimum variance portfolio d' minvar cannot be determined so straightforward as for the case of a positive definite covariance matrix. We cannot just minimise variance over the whole feasible set A (with no constraints on the mean) since there may be different optimal solutions to this problem, with the same (optimal) variance but with different expected returns. Among these solutions that globally minimise variance, we consider only the one with the maximum expected return. To obtain this solution, we first solve the problem:
Denote the optimum value of this problem by σ min . In order to find the specific optimal solution of this problem with the maximum possible expected return, we propose a convex program with quadratic constraint: Proof: Assume that x* is not Pareto efficient in (MVC). Denote by x' a feasible solution of (MVC) that Pareto dominates x*. This means that σ 2 (x')≤σ 2 (x*), CVaR α (x')≤CVaR α (x*)≤z and E(x')≥E(x*)≥d with at least one strict inequality. Thus, x' is a feasible solution of (P1). The case σ 2 (x')<σ 2 (x*) is excluded since this contradicts the fact that x* is an optimal solution of (P1). It only remains the possibility that x' and x* are both optimal solutions of (P1) and CVaR α (x')<CVaR α (x*)≤z or E(x')>E(x*)≥d. Consider first the case CVaR α (x')<CVaR α (x*)≤z; thus, x' is an optimal solution of (P1) and the constraint ≤z is not binding. Since (P1) is a convex optimisation problem, it follows that x' is an optimal solution of the "reduced" problem, obtained from (P1) by removing the constraint on CVaR: 
